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Abstract- -Us ing the refinement coefficients ofthe ZP-element box spline to form a low pass filter 
mask, and a subdivision difference as a high pass filter, we scan an image along a triangular Sierpinski 
path to create an efficient one-dimensional pyramid algorithm for a two-dimensional nonseparable 
wavelet-like transform based on the quincunx multiresolution a alysis. (~) 1998 Elsevier Science Ltd. 
All rights reserved. 
1. INTRODUCTION 
Wavelets based on four-directional box splines are of interest in image processing as natural 
extensions of one-dimensional spline wavelet methods [1]. The symmetries of these splines and 
their directional derivatives also offer the possibilities of improvements in low pass filtering for 
image compression and in direction selectivity for edge and feature detection [2]. Calculations 
with box splines, however, have not appeared as practical alternatives to standard methods uch 
as pyramid algorithms based on separable biorthogonal wavelet filters [3,4]. Indeed, the first 
construction of a four-directionM box spline wavelet was obtained only recently by Chui et al. [5]. 
More recently, Ron and Shen [6], as an application of their definitive study of affine frames [7], 
have constructed box spline wavelets of small support which are suitable for computations and 
for edge detection. The stage is set for efficient box spline wavelet calculations. 
The purpose of the present article is to show how to construct a pyramid algorithm in which 
the low pass filters are the lowest order four-directional box splines, the Zwart-Powell (ZP) 
elements [8,9]. The high pass filters may be regarded as discrete directional wavelets. This 
algorithm is related to the box spline computations suggested by Diamond et al. [10], but is 
based on the quincunx multiresolution analysis used by Chui et al., previously studied by Cohen 
and Daubechies, and others (cf. [11,12]). 
One novelty of the pyramid algorithm given here is the extreme simplicity of calculation ob- 
tained by processing an image which has been scanned along a Sierpinski path [13] to form a 
linear stream of pixel intensities ystematically filling all the triangles of a binary triangulation 
tree (cf. [14,15]) of the type studied in n dimensions by Maubach [16] who gives complete refer-~ 
ences. The Sierpinski scan traverses a Hamiltonian cycle in the adjacency graph at each tree level, 
and interlaces corresponding levels of the related Cartesian and quincunx lattice quadtrees [17]. 
Thus, we obtain a one-dimensionM algorithm with two-dimensional nonseparable filter masks. 
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For computations, the triangular scanning offers efficiencies: the Hamiltonian cycles are indexed 
by the binary integers which locate binary tree position; all the vertices of the visited triangles 
are simultaneously represented in as binary matrices, n-tuples of 4-ary digits, and pairs of dyadic 
rational coordinates; all box spline coefficients can be computed by accumulation of local vertex 
contributions along the triangular path; Cartesian and quincunx squares are visited twice on the 
Sierpinski path (each of two triangular halves is visited once) in such a way that data from one 
triangular half may be pushed to a stack at the first visit and popped for combination with data 
from the other half at the second visit. This stack structure makes possible the efficient construc- 
tion of edge and feature detection directional wavelets as differences (which are also directional 
derivatives) of spatially adjacent splines. For details and computational examples, the reader is 
referred to [14,18,19]. 
1.1. Box  Spl ines 
We start with some results based on notation of the book by de Boor et al. [20], a recent 
treatment of the subject of box splines with full references. Let I0 = [0, 1) and suppose that ~ is an 
s x n matrix. The simplest definition the box spline states that 2V[.- is the distribution determined 
by the formula (All=_, ~) = fI~ ~(~t)  dt for ~ E C(Rs). In the present article, we are interested 
in the ZP element box spline for which s = 2, n -- 4, and ~ = ~4. = [el ,e2,el  + e2,el -e2] ,  
where I = [el, e2] is the 2 x 2 identity matrix. In this case, the distribution .~4~ has a density 
function B which is piecewise quadratic, continuously differentiable, and has compact octagonal 
support. The second derivative is discontinuous only on edges and diagonals of Cartesian squares, 
and a surface plot approximates that of the two-dimensional Gaussian density. The ZP element 
satisfies a dilation (refinement) equation and is the scaling function for a multiresolution analysis 
of L2(R 2) based on scaling by the quincunx matr ix M = [el + e2, el -- e2] (cf. [5]). The scaled 
and shifted box splines, expressed as an(x)  -= 2nB(Mnx)  and Bn'k(x) ----- 2nB(Mn(x  - k) ), are 
used to compute quasi-interpolants of functions f : M-nZ 2 ---* R defined on the scaled integer 
lattice by the formula 
• f )  (x) = B (x - j ) f ( j ) ,  x e R 2 
jEM-,*Z 2 
For computer calculations, the box splines are approximated by discrete box splines: For S E 
Z 8xn and h E l /N ,  the discrete box spline b h is defined by the formula: (b h, ~) = h n ~ae I~ ~(~)  
for ~ E C(RS), where I~ = I~ N hZ n. If we write b h = bh4, the main results of interest 
are the refinement equation bhh' = b h • b h' ( . /h) and the factorization b 1/2 = p • p (M -1.), where 
p = bli/2. From the refinement equation, we obtain a discretization of the box spline interpolation 
formula: if a I is a function defined on a coarse grid M- IZ  2 --- (1/2l)MlZ 2, where l < 2m, then 
(b 1/2'~ • a~)(k) = ZjEM_LZ2 bl/2" (k - j )a l ( j )  for k E (1/2m)Z 2. The refinement equation also 
says 
51/2m _~ 51/2 , 51/2m-1(2. ) _____ 51/2 , 51/2(2 .) * . . . ,  bl/2 (2rn-1.) : ,;n__'o151/2 (2 J . ) ,  
and it follows that 
51/:m = ,T:o I (p ,p  (M- l ) ) (2 J . )  = ,m-1  j:o (P(M2j)  *P (p (Ml-1.)) . 
This formula is the basis of a simplicity of calculation of the discrete interpolation of a function a l 
defined on a coarse grid and indeed is a form of the subdivision algorithm given in [20]. In image 
processing, at represents a low resolution image and b 1/2'~ * a ~ is a fine scale rendering of a 
smoothing of this image. 
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We focus on the scaled and centered box splines defined as bl(x) = b~/2((1/2)Mlx + c), where 
c = (1/4)(3el ÷ e2) and pl(z) = b~/2((1/2)Mlx + (1/4,1/4)), whose nonzero coefficients are 
computed by the simple masks: 
1 2 2 1 
bl : 1 2 2 , Pl: ,~ , 
0 1 1 
centered at the origin with values on the lattice L t -- M- l ( (1/2,  1/2) + Z2). The mask bl is the 
normalized refinement mask for the ZP element scaled by the diagonal matrix 2I. The factoring 
of b 1/2 becomes bl = Pl * Pl-1. 
1.2. Lat t i ce  Origins,  Vert ices,  and Centers  
For each positive integer l, we define the set 1~ of level I lattice points in the unit square 
I2= [0,1] 2 as 
Vz = M- lZ  2 N I:. 
For even l, the level I lattice points are the vertices of Cartesian squares; for odd I the squares 
whose vertices are the level l lattice points are called quincunx squares. The set of centers of 
level 1 lattice squares is defined as 
CI=M -~ ~,~ T Z2 NI  2. 
It may be noted that V1 U Cl = Vl+l, so that Vl+x = Vo U [,.Jk<Z Ck. The elements of Cz can be 
written in the form 
x -- x(j) = , + ~-vTM aj~, 
where b E {0, 1}, l = 2m - b, j = ( j~,. . .  ,Jm) is a list of four-cry digits called the lo code of x, aj~ 
is an ordered pair of signs: a0 = ( -1 , -1 ) ,  al = ( -1,  1), a2 = (1, -1) ,  a3 = (1, 1). For even l, the 
elements of C~ are called Cartesian Lattice Origin (clo) points of depth m = 1/2, while for odd l, 
the elements of Ct are called Quincunx Lattice Origin (qlo) points of depth m = (l + 1)/2. The 
clo points form nodes of a quadtree (4-cry tree) whose root is (1/2, 1/2) while the qlo points form 
the intersection of I with the nodes of a quadtree whose root is (1/2, 1/2). The list j is equivalent 
to the quadtree locational code whose computational dvantages are well known (cf. [17]). 
In terms of the present notation, the factorization of b~ has a simple geometric formulation 
b (v) = p l (k , j  - - ,), 
i,j 
where v~ -- v + M-~+la~ and kij = vi + M- la j .  
1.3. B inary  Tr iangu la t ions  
We construct a binary tree of triangles as follows: first, two level 0 triangles To and T1 are 
obtained by bisecting the unit square 12 = [0, 1] 2 along the diagonal line joining the points (0, 0) 
and (1, 1). If Ti is a triangle of level l, then the children of Ti are level l + 1 triangles T2i and 
T2i+l, obtained by bisecting the longest edge of Ti. After a finite number of steps, we obtain a 
binary tree with root 12 and with two subtrees of triangles with roots To and T1. At level l all 
triangles have the same congruence class and form a uniform triangulation of the unit square in 
which the vertices are the elements of Vl. 
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At each level, there is a natural ordering of the two children of a given triangle given geometri- 
cally by counterclockwise motion around a common Cartesian lattice origin. Making use of this 
ordering of children, we may establish a natural inear ordering of the triangles of level I indexed 
by the positive integers called cycle indices whose l binary digits locate the triangles as elements 
of a binary tree. For odd values of l, the path connecting the centers of these leaf triangles is 
known as a Sierpinski path, cf. [13]. For any level l, we shall call the path through the triangles 
of I a level cycle or a Hamiltonian cycle. Algorithms for traversing these level cycles along with 
more detailed discussion of the above properties and computational efficiencies may be found 
in [14,18,19]. 
1.4. Tr iangle Ver tex  Codes  and Wavelet  Coeff ic ients 
The set Vl of level l lattice points coincides with the set of all vertices of level l triangles 
and includes all the lattice origin sets Ck for k < I. The vertices of a triangle T of level l = 
2m (l = 2m - 1) are labeled V0(W), Vl(W), and V2(W), where v0(T), a lattice origin in the set 
Cl-1, is the vertex opposite the longest edge and where vl(W) and v2(W) are ordered by clockwise 
(counterclockwise) orientation around v0 when I is even (odd). The midpoint of the edge joining 
v0(W) and vl(W), called ml(W) is a lattice origin point in the set Ct+l which we designate as 
the representative lo point of the triangle T. The midpoint m3(T) of the side opposite v0 is a 
lattice origin point in the set C~ and is the common vertex for the children of the triangle T (see 
Figure la). By connecting the points ml (T) as we traverse a level cycle, we form a nonredundant 
cyclic path called a level cycle through the lattice origins in Cl+l. For image processing, this 
provides a path through pixel centers called a Sierpinski scan path. Simultaneously the points 
m3(T) traverse a path through the lattice origins in Cz. In this manner, the clo and qlo quadtrees 
are interlaced by the path. All vertex calculations may be obtained by simple manipulation of 
the lo codes for the triangle vertices and representative points. 
For a triangle T of level l, consider the box spline fl,w (associated with Vt) centered at ml(T)  
defined by fZ,T(M-Zk) = btA(M-~k-  •I(T))where A = [a,a,b], a = v0(T ) - -Vl(T),  and 
b : v0(W) -- v2(W). A function a ~-1 defined on the grid C l is interpolated at a point ml(w) in 
C t+l by the fl,W subdivision formula sl(ml(W)) : (ft,W, at-l).  The number ft,w will serve as a 
"wavelet" coefficient in the following algorithm (see Figure lb for the flow of data to s~(ml(w))). 
m3 'm3 
V 1 . - _ V 0 
a) Triangle labeling b.) Datafl0wt0 s~(~(T)) c.) Datafl0wt0 a~ "1 
Figure 1. 
2. A BOX SPL INE  SUBDIV IS ION PYRAMID 
_2rn-1 We begin with an image of size 2 m x 2 m whose pixel intensities ui are located at the 
Cartesian lattice origin points ml(i)  = ml(W~ m-l) of depth m, where t 2m-1 is the triangle of 
binary tree level 2m - 1 indexed by the cycle index i. For each level l, and for each level l 
cycle index i, we compute the smoothing coefficient (or level l - 1 resolution image intensity), 
/-1 I -1  = (bl+l _ a~ as the box spline interpolation a~ • al)(m3(i)) = (bl+1,i,a~), where bl+l,~ -- 
l--1 b~+l('- m3(i)) (see Figure lc for the flow of data to a i at m3(i)). For points near the boundary, 
we extend the image intensities by reflection in the boundary. When the computations of {a~-1} 
are complete we compute, for the index m1(i), the f~,T subdivision interpolation from lower 
resolution intensities as s~ = s ~ (ml (T)) ---- (f/,T, a ~- 1). The difference d~ -- a~- s~ is the "wavelet" 
l I +d~. coefficient at level l to be saved for later reconstruction f the image by the formula a i = s i 
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Thus, we may construct a pyramid algorithm for calculating the wavelet coefficient hierarchy 
0 1 ao ' d~o, do , dl,do,.. 2 , d~m-1,..., d 2m-122.~_1, and a reconstruction algorithm for regaining the original 
image. 
PROPOSITION. The pyramid algorithm described above may be calculated by repeated traversal 
1-1 locally at the vertices of triangles of the level cycle path at each level, accumulating a~- 1 and s i 
in the path. 
P s e u d o - C o d e  
We form an array of size 2 m + 1 × 2 m + 1 which we identify with the set V2m-1 of vertices of 
triangles of level 2m - 1. When we address a vertex, as vo = vo(i), for example, we indicate a 
number stored at the corresponding array index by using v0 as a subscript. Here is the pseudo- 
code for calculating the set of coefficients (a~ -1 } from the set {a~} for the formula a~ -1 = 
(b l+l , a~)(m3(i)): 
• Whi le  level = I > 2 
• (First loop: accumulates at the vertices v0 and vl, the a~ values located at the points 
ml( i ) )  
- For i=O, i ,<max,  i++, tvo ,  tvo+(1/4)a~;tvl, tv~+(1/4)a~endFor; 
• (Second loop: accumulates the triangle vertex values at the m3 points to form box spline 
coefficients a 1-1 ~" 
rna( i ) ] "  
-~ a l-1 a t-1 (1/4)t~ o (1/4)t.~ endFor ;  
- For i=0,  i<max,  i+_ ,  m3(0 ~ m3(0 + + 
• Clear the set ~ vertex locations vo and Vl. 
l -1 • (Third loop: subdivides the box spline coefficients am3(O to the vertices Vo and Vl): 
- For  i = 0, i < max, /+ +t'vo ~--  t'vo + (1/4)a~)(0; t'., ~--  t'v~ + (1/4)a~)(0 endFor ;  
l and to store the difference d~): • (Fourth loop: subdivides the v0 and Vl values to form s i
For  i 0, i < max, i + +s~ (1/4)t'vo + (1/4)t'v~ ; d[ l l" Store d i at the point _ = = a i - -  s i ,  
rex(i); 
- endFor  
l-1 in the set (At this point we have stored the values d~ in the set Cl and the values aj 
G-l). 
• Clear the set Vl for the next level: l ~-- l - 1; 
endWhi le  
The result of this algorithm is that the coefficients d~ are stored in the sets Cl for 2 < I _< 2m. 
The flow of data is shown in Figure 2. 
rl13 1-~ 
v, v0 vl_/ -:-, ,av0 
First 100p Second 100p 
l-1 
m 3 
t vl iv0 t~, d'~ t~ 0 
Third 100p Fourth 100p 
Figure 2. 
The reconstruction of an image from the detail coefficients d~ is equally simple to implement. 
Note that during reconstruction, we may render a low resolution image at level l as a smooth 
or blurred image with no blocking effects by calculating the coefficients as a~ -1 -- sl~ -1 (this is 
equivalent to setting d~ -1 = 0). This is a kind of subdivision algorithm for rendering a box spline 
interpolation of the low resolution data points which are located at the level I lattice origin points. 
We may also note that the methods of [14,19] may be applied to the coefficients ~ to produce 
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edge detecting wavelet masks which are identical to the refinement masks of wavelets obtained 
by Ron and Shen [6]. 
3. CONCLUSION 
We have looked at a one-dimensional pyramid algorithm for box spline multiresolution calcu- 
lations via Sierpinski scanning. Many other similar algorithms are possible, but the one chosen 
here is particularly simple. 
There is one obvious objection which the reader may have noticed. These are not the usual 
pyramid algorithms for computing a wavelet transform in which the wavelet coefficients are the 
coordinates of the image in a new orthogonal wavelet basis of the finite-dimensional space of 
images. Indeed, we are possibly storing twice as many coefficients as usual, namely, 2 x 2 ~n x 2 m. 
This is to be expected since, in any four-directional box spline wavelet representation, the wavelets 
form not a basis but a redundant frame for L2(R2). If our goal is image compression, we may 
not be hampered in most cases since there will be many zero (or small) differences. We may also 
regain the bulk of the storage by using some other averaging such as the Haar wavelet transform 
to capture details at the the first few levels of fine resolution. The goal is to store as much energy 
as possible in the low resolution coefficients with a low level of computat ional  complexity. The 
quadratic box splines offer this possibility. 
For applications of the methods of this article to image processing, see [21]. 
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